We proposed a higher-order accurate explicit finite-difference scheme for solving the two-dimensional heat equation. It has a fourth-order approximation in the space variables, and a secondorder approximation in the time variable. As an application, we developed the proposed numerical scheme for solving a numerical solution of the two-dimensional coupled Burgers' equations. The main advantages of our scheme are higher accurate accuracy and facility to implement. The good accuracy of the proposed numerical scheme is tested by comparing the approximate numerical and the exact solutions for several two-dimensional coupled Burgers' equations.
Introduction
The Burgers' equation is an important non-linear parabolic partial differential equation widely used to model several physical flow phenomena in fluid dynamics teaching and in engineering such as turbulence, boundary layer behaviour, shock wave formation and mass transport [1] . Due to its wide range of applicability, several researchers, both scientists and engineers, have been interested in studying the properties of the two-dimensional coupled Burgers' equation (TDCBE) using various numerical techniques.
There exist many different explicit and implicit numerical schemes with second-order approximation in the
The Statement of the Problem
The TDCBE is given by ( )
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Equations (1) (2) are reduced to the TDHE ( )
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where ( ) C t is an arbitrary function depending on t only.
Theorem 1 [7] . Let ( )
, , x y t θ be the solution of Equation (10) 
The initial conditions (3), (4) and boundary conditions (5), (6) lead to 
Thus, the TDCBE (1)-(6) are fully reduced to TDHE (11) with the initial and boundary conditions (12)- (16).
The Fourth-Order Accurate Explicit Finite-Difference Scheme
For the TDHE (11)- (16), we consider the following eleven-points explicit finite-difference scheme: 
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Here and throughout the work, 
We suppose that the solution of Equations (11)- (16) 
we have ( ) 
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Equating the coefficients of the partial derivatives to zero in (22), we obtain following system of equations ( ) .
The above system has a unique solution if 6  4  2  ,  6  6   6  6  2  3  6  4  2  2  4 , ,
One can see that, the condition [11]
does not improve the order of the scheme (18), i.e., the truncation error of the scheme (18) is of the order of 
To find the stability condition of the scheme (27), we seek the partial solution in the form:
From (27) 
From the Robin boundary conditions (13)- (16) using the asymmetric fourth-order finite-difference approximations of the first spatial derivative [12] , we find 0   48  36  16  3  ,  1, ,  1,  12  25  , ,  2  3  16  36  48  ,  12  25  , ,  2  48  36  16  3 . Each value of these points can be calculated using the boundary conditions (13)- (16) and a similar formula to (35) by direction x or y or a middle value of the values by the both directions. Below we presented formulas which used only the boundary conditions (13) , (14):
( ) (1)-(6). We used the following fourth-order finite-difference scheme [13] :
with boundary conditions 
Numerical Results
Two exact solvable TDCBEs (1)- (6) 
The order (or Runge coefficient) of convergence of the proposed schemes is defined by the double-crowding spatial grids , , ,
Order . log
The initial and boundary conditions (3), (4), (12) and (5), (6), (13)- (16) . In this example, we solve the two-dimensional Burgers Equations (1), (2), for which the exact solutions are 
The initial and boundary conditions are taken from the exact solutions. We solve the TDHE (11), for which the exact solution is 
The initial (12) and boundary conditions (13)- (16) are taken from the exact solutions.
The convergence of the solutions ( )
, , v x y t versus the inverse of the Reynolds number ν and the numbers of grid N, M are presented in Table 1 . To show that the method is fourth-order accurate in space, we fix the time step τ as 0.0001 that in each the numbers of grid 80 N M = ≤ holds the stability condition (32). The orders of convergence of the proposed schemes are consistent with the theoretical expectations
In Table 2 we compared the efficiency of the proposed scheme with the time step 
The initial and boundary conditions are taken from the exact solutions. We solve the TDHE (11), for which the exact solution is ( ) 
The initial (12) and boundary conditions (13)- (16) are taken from the exact solutions. The solutions (45) are so-called shock solutions of the TDCBE. It is well known that one of the difficulties in solving Burgers' equations is that shock of the solution may occur after some time, even if the initial functions are smooth. When the characteristic curves of Burgers' equation cross, a shock of the solution occurs. A robust and accurate numerical algorithm should be able to capture the shock and the numerical solution should exhibit the correct physical behavior. From Table 3 , we observe that for small values of ν , one must consider a large numbers of N and M to obtain proper solutions. Here our proposed scheme works well, and the orders of convergence of the proposed schemes are consistent with the theoretical expectations ( )
4
O h .
Conclusion
The proposed higher-order finite-difference schemes are easy for implementation and can be used for a numerical solution of two-dimensional coupled Burgers' equation with higher accuracy. The numerical results show that the variation in the values of the Reynolds number does not adversely affect the numerical solutions. Since all numerical results obtained by the above methods show a reasonably good agreement with the exact one for modest values of ν , and also exhibit the expected convergence as the mesh size is decreased, the proposed methods can be considered to be competitive and worth recommendation.
